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Active polymers play a central role in many biological systems, from bacterial flagella to cellular
cytoskeletons. Minimal models of semiflexible active filaments have been used to study a variety of
interesting phenomena in active systems, such as defect dynamics in active nematics, clustering and
laning in motility assays, and conformational properties of chromatin in eukaryotic cells. In this
paper, we map a semiflexible polymer to an exactly solvable active Rouse chain, which enables us
to analytically compute configurational and dynamical properties of active polymers with arbitrary
rigidity. Upon mapping back to the semiflexible filament, we see that the center of mass diffusion
coefficient grows linearly with an activity parameter that is renormalized by the polymer persistence
length. These results closely agree with numerical data obtained from microscopic simulations.
I. INTRODUCTION
Active systems are characterized by constituents that
consume energy to produce directed motion. These sys-
tems are inherently out-of-equilibrium, and thus lead to
novel steady state behaviors [1, 2]. For example, sim-
ple model systems such as active nematics composed of
microtubules driven by kinesin motor proteins can con-
tinuously create and annihilate topological defects [3–7],
and active Brownian particles can aggregate into “active
solids” [8, 9].
Active polymers are a class of active systems that are
of considerable interest due to their prevalence in bio-
logical systems on multiple length scales, including the
flagella of bacterial microswimmers [10, 11], chromatin in
eukaryotic cells [12–17], and actin in cellular cytoskele-
tons [18, 19]. Many studies have focused on the collective
dynamics of many such filaments [20–26], and found that
activity can lead to behaviors such as formation of clus-
ters [25] and spiral patterns [21, 27, 28].
As in the context of self-propelled particle models [29–
32], it is fruitful to understand the properties of isolated
active units to provide a framework for understanding
the nonequilibrium steady states that emerge in these
complex systems. While there are few analytical results
available to date [33–38], a number of numerical stud-
ies have been undertaken to understand the statistical
properties of single active filaments [12, 13, 35, 37–45].
Filaments placed in a bath of active particles can have
anomalous dynamic properties, including super- and sub-
diffusive motion [12, 13, 37–40], as well as enhanced dif-
fusion coefficients [35, 41–43]. Activity was also found
to lead to the “softening” of semiflexible filaments, effec-
tively reducing the persistence length, while sufficiently
large active forces could lead to chain swelling [36, 46].
Similar results have been found in the case where the ac-
tive forces are directed along the filament tangent [42, 44],
such as in actin or microtubule motility assays.
In this work, we seek to understand the influence of ac-
tivity on the statistical properties of an isolated semiflexi-
ble filament subject to tangential active forces [27, 42, 44],
using an analytically tractable model. Note that, neglect-
ing excluded volume interactions, a semiflexible filament
with persistence length lp can be modeled as a Rouse
chain with bond length b ≈ 2lp [47]. Motivated by this
mapping, we consider a single active Rouse chain with
activity directed along the tangent. We show analyti-
cally that activity leads to an enhanced diffusion coef-
ficient that grows linearly with the strength of the ac-
tive force, while the end to end distance of the polymer
is independent of activity. Mapping the typical Rouse
bond length, b, to the persistence length, lp, we obtain
an analytical expression for the diffusion coefficient of an
active semiflexible polymer. We compare these predic-
tions to Langevin dynamics simulations of both Rouse
chains and semiflexible filaments, and find that our ana-
lytical results are able to accurately describe both cases.
These results are directly relevant for motility assay ex-
periments [25, 48–51], and elucidate behaviors of active
units with internal degrees of freedom.
II. THE ACTIVE ROUSE MODEL
A Rouse chain is a simple polymer model wherein we
have N beads connected by harmonic bonds. Assuming
this chain is in a highly viscous medium with thermal
noise, we obtain the familiar Rouse equation of motion
for the nth bead [47]
γ
∂rn
∂t
= k(rn+1 + rn−1 − 2rn) +
√
2γkBTξn(t), (1)
where γ is the damping coefficient, and k the spring con-
stant. Note that the Rouse chain simply collapses to a
point in the zero temperature limit. A non-zero tem-
perature is necessary to give the polymer a finite size.
The root-mean-square (RMS) bond length is given by
b20 = dkBT/k, where d is the system dimensionality. The
thermal noise ξn(t) is Gaussian white noise with mo-
ments
〈ξn(t)〉 = 0 and〈
ξαn (t)ξβm(t′)
〉
= δαβδnmδ(t− t′). (2)
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2Eq. (1) holds for n = 2, . . . , N − 1. At the ends, we have
γ
∂r1
∂t
= k(r2 − r1) +
√
2γkBTξ1(t),
γ
∂rN
∂t
= k(rN−1 − rN ) +
√
2γkBTξN (t).
However, we can extend Eq. (1) to hold for all n pro-
vided we allow for “ghost” beads such that r0 = r1 and
rN+1 = rN . This Rouse model describes an idealized
filament in a dry system and has served as an important
model for obtaining physical intuition about the statisti-
cal properties of polymers [47].
We add tangential activity to this polymer by suppos-
ing that the bonds of the polymer impart a force on their
attached beads. That is, if the nth bond connects beads
n and n + 1, then each of those beads experiences some
forceAn/2 (so that the total force generated by the bond
is An). We consider the simple case where
An = fa(rn+1 − rn)
in which case the equation of motion for an active Rouse
chain is
γ
∂rn
∂t
= k(rn+1 + rn−1 − 2rn) + fa
(
rn+1 − rn−1
2
)
+
√
2γkBTξn(t). (3)
Note that activity could have been implemented by
making the beads active, rather than the bonds. But,
adding activity to the beads also requires constraining
the orientation of the active force, leading to additional
complexity (see appendix). Our implementation of ac-
tivity is the most tractable for analytical computation,
and successfully captures the phenomenology of tangen-
tial driving as shown below.
III. ANALYTICAL RESULTS
Assuming a Rouse chain with a contour length much
longer than the bond length b0, we take the continuous
limit of Eq. (3) to obtain
γ
∂r(n, t)
∂t
= k∂
2r(n, t)
∂n2
+ fa
∂r(n, t)
∂n
+
√
2γkBTξ(n, t)
(4)
with the boundary conditions
∂r(n, t)
∂n
∣∣∣∣
n=0,N
= 0, (5)
which physically correspond to force-free boundary con-
ditions. We non-dimensionalize this equation by mea-
suring time in units of dγ/k, distance in units of b0 =√
dkBT/k, and energy in units of kBT . Finally, we let
α = faNb20/2dkBT be a measure of activity in our sys-
tem. As such, α is a measure of the ratio of work per-
formed by the active force to the thermal energy. Our
equation of motion now takes the form
∂r˜
∂t˜
= d ∂
2r˜
∂n2
+ 2dα
N
∂r˜
∂n
+
√
2ξ˜(n, t˜). (6)
A. Eigenfunction expansion
The general solution of (6) is
r(n, t) =
∞∑
p=0
Cp(t)φp(n) (7)
where the φp(n) are the eigenfunctions
φp(n) = Ape−αn/N
[
cos
(ωpn
N
)
+ α
ωp
sin
(ωpn
N
)]
(8)
where ωp = pip+iαδp,0, and Ap is a normalization factor:
A2p =
2
N
{
αe−α/2 sinhα p = 0,
pi2p2/(pi2p2 + α2) p > 0.
(9)
The decaying exponential in these eigenfunctions encodes
the breaking of the head-tail symmetry due to the active
forces.
The φp are orthonormal with respect to the weight
function w(n) = e2αn/N ; that is,∫ N
0
dnw(n)φp(n)φq(n) = δpq. (10)
We can check that in the limit α → 0, this reduces to
the standard cosine series, which is the correct set of
eigenfunctions for the passive Rouse chain [47].
Without loss of generality, we assume r(n, 0) = 0, so
that
Cp(t) =
∫ t
0
ds e−λ
2
p(t−s)ξp(s), (11)
where
λ2p =
d
N2
× [pi2p2 + (1− δp,0)α2] (12)
and
ξp(t) =
√
2
∫ N
0
dnw(n)φp(n)ξ(n, t). (13)
Unlike a passive Rouse chain, these noise modes are now
correlated, so that〈
ξαp (t)ξβq (t′)
〉
= Gpqδαβδ(t− t′) (14)
where
Gpq = 2
∫ N
0
dnw(n)2φp(n)φq(n). (15)
We now use the eigenfuncton representation of the ex-
act solution to compute the center-of-mass diffusion co-
efficient and RMS end-to-end distance.
3B. Diffusion coefficient
The center of mass X(t) of the chain is given by
X(t) = 1
N
∫ N
0
dn r(n, t) =
∞∑
p=0
Cp(t)φ¯p (16)
where φ¯p =
∫
dnφp(n)/N is the average value of φp over
the interval n ∈ [0, N ]. From this, we compute the mean
square displacement (MSD) as
MSD =
〈
X(t)2
〉
=
∑
p,q
φ¯pφ¯q 〈Cp(t) ·Cq(t)〉
= dG00φ¯20t+ F (t), (17)
where F (t) is a function that contains only terms that
are constant or decay with time (see the appendix for
more details). From this, we find the diffusion coefficient
to be
D(α) = lim
t→∞
MSD
2dt =
1
2G00φ
2
0 = D0α cothα. (18)
where D0 = 1/N is the diffusion coefficient of a passive
Rouse chain. Notably, this gives the limiting behaviors
D(α) ∝
{
D0(1 + α2/3) α 1,
D0α α 1, (19)
This result shows that when the active work per bead is
small compared to the thermal energy, the diffusion coef-
ficient grows with the square of activity, which is remini-
scient of the behavior of an active Brownian particle [52].
However, for α  1, i.e., when the active work is large
compared to the thermal fluctuations, the diffusion co-
efficient grows linearly with activity, indicating activity-
dependent changes in the filament conformational distri-
bution (see, for example, Bianco et al. [42]).
C. Conformational Dynamics
There are two relevant parameters that encode the con-
formational dynamics of the active polymer: the end-to-
end length, which captures its size, and the relaxation
time over which correlations in the end-to-end vector de-
cay. We compute each of these quantities here.
The end-to-end vector L is given by
L(t) = r(N, t)− r(0, t) =
∞∑
p>0
Cp(t)∆φp, (20)
where ∆φp = φp(N)−φp(0), and the p = 0 mode vanishes
since ∆φ0 = 0. In the long-time limit, we obtain〈
L2
〉
=
∑
p,q>0
∆φp∆φq lim
t→∞ 〈Cp(t) ·Cq(t)〉
= d
∑
p,q>0
Gpq
∆φp∆φq
λ2p + λ2q
. (21)
While this series representation is the exact result, it
converges slowly and does not lend itself to analytical
approximation. We compute the sum numerically (see
Fig. 5) and find that 〈
L2
〉 ≈ N. (22)
That is,
〈
L2
〉
is independent of the strength of the active
force.
This result can be understood in the context of the
microscopic equations of motion given in Eq. (3) as fol-
lows. Since there are no terms that lead to correlations
in bond vector orientations in the model, we can envi-
sion the polymer as being constructed of uncorrelated
active rods. The active forces exerted by these rods can-
not change their own lengths, and so the overall length of
the polymer is left unchanged. Interestingly, this result
does not necessarily hold if the beads are made active
instead of the bonds (see the appendix for more details).
Further, we expect this result to be modified in the con-
text of the semiflexible polymer where orientational cor-
relations between the bonds can modify the end-to-end
length, as discussed in the subsequent sections.
Next, we compute the end-to-end vector autocorrela-
tion function to obtain the rotational relaxation time, τR,
using the approximation
〈L(t+ τ) · L(t)〉 ∝ e−τ/τR (23)
in the t→∞ limit. Using (20), we see that
〈L(t+ τ) · L(t)〉 =
∑
p,q>0
∆φp∆φq 〈Cp(t+ τ) ·Cq(t)〉
= d
∑
p,q>0
Gpq
∆φp∆φq
λ2p + λ2q
e−λ
2
pτ . (24)
As with Eq. (21), this sum cannot be computed analyt-
ically. Assuming it can be approximated by the slowest
decaying term (∝ e−λ21t), we find the rotational relax-
ation time to be
τR = 1/λ21 =
τ0R
1 + α2/pi2 , (25)
where τ0R = N2/pi2d is the relaxation time of a passive
Rouse filament. Activity therefore reduces the relax-
ation time. It is worth noting that the approximation in
Eq. (23) is limited in that no individual term of Eq. (24)
dominates. Though Eq. (25) is the slowest relaxation
time, it is not necessarily the dominant one. See Fig. 6
in the appendix for more details.
D. Mapping to a Semiflexible Filament
Now, we generalize the above results to the case of a
semiflexible polymer. Consider a filament as a chain of
N beads connected via inextensible bonds of length b0,
4with rigidity encoded through the potential
H({ri}) = 12κ
N−2∑
i=1
tˆi · tˆi+1,
where ti = ri+1 − ri. Activity is added in the same
manner as in the case of the Rouse filament. For sim-
plicity, we will neglect excluded volume interactions in
these considerations; these will be incorporated in our
computational model later.
Suppose our semiflexible filament is constructed of N
bonds with typical bond length b0. We can also view
the filament as being constructed of n rigid segments of
length b = 2lp. Then using Nb0 = nb, we have
α = faNb
2
0
2dkBT
= fanb
2
2dkBT
b0
b
= α˜b02lp
.
That is, there is an effective activity α˜ for a semiflexible
filament that is related to that of a simple Rouse chain
through
α˜ = 2αlp/b0. (26)
We hypothesize that if we substitute this renormalized
activity into the results for the Rouse chain, they will
generalize to the case of an active semiflexible polymer.
In particular, Eq. (18) becomes
D(α, κ)/D0 = (2αlp/b0) coth(2αlp/b0), (27)
which implicitly depends on the stiffness κ through lp.
We test this hypothesis using numerical simulations in
the next section.
IV. SIMULATION RESULTS
In this section, we perform numerical simulations to:
a) validate the continuum approximation of the Rouse
chain used to obtain the analytical results, and b) test the
hypothesis of their generalization to semiflexible active
polymers with a renormalized activity parameter.
A. Active Rouse Filaments
To test the continuum limit approximation, we inte-
grate the discrete equations of motion of a Rouse chain,
Eq. (3), for a filament with Natoms = 51 atoms. As be-
fore, we non-dimensionalize by measuring energy in units
of kBT , time in units of dγ/k, and length in units of√
dkBT/k. Additionally, fa = 2dα/N where 0 ≤ α ≤ 10
and N = Natoms − 1 = 50 is the number of bonds. We
use a timestep of ∆t = 10−3 and integrate for a total of
108 steps.
We start by considering the steady-state mean square
end-to-end length
〈
L2
〉
. For a passive Rouse polymer,
we know that
〈
L2
〉
= Nb20, and we expect from Eq. (22)
FIG. 1. The end-to-end length is independent of activity for
active Rouse chains. The mean square end-to-end length
〈
L2
〉
normalized by the number of bonds N is shown as a function
of activity α. The horizontal line is the predicted value based
on Eq. (22), the symbols are results from computer simula-
tions, and the error bars show the 95% confidence interval.
For all simulation results in this article, we used Natoms = 51
beads.
that this will hold even for an active filament. Indeed,
we can see in Fig. 1 that the polymer size is independent
of the strength of the active force.
Next, note that based on Eq. (25), the slowest relax-
ation time occurs for a passive Rouse chain, for which
τR ≈ 102 for the units chosen here. Thus, for lag times
t > τR, the filament orientations should decorrelate, and
so the mean square displacement (MSD) should grow lin-
early in time. Fig. 2 (top) shows the MSD results com-
puted from simulations, which exhibit diffusive motion
for times t >∼ 102 for all active force strengths. From
these results, we can compute the activity-dependent dif-
fusion coefficient D(α) (Fig. 2 (bottom)). Here, we ob-
serve close agreement between the prediction of Eq. (18)
and the simulation results. In particular, we see the ex-
pected linear scaling of the diffusion coefficient with ac-
tivity for α > 1.
B. Active Semiflexible Filaments
To see if the results above are valid beyond the Rouse
limit, we consider a more realistic model that incorpo-
rates excluded volume, stiff bonds, and resistance to
bending. We add these properties by including the po-
tential
U({rn}) =
N−1∑
n=1
1
2k(|tn| − b0)
2 +
N−2∑
n=1
κ(1− tˆn · tˆn+1)
+
∑
i6=j
UWCA(|rj − ri|) (28)
5FIG. 2. Dynamics of active Rouse chains. Top: The mean
square displacement (MSD) for Rouse chains as a function
of time for various activities, computed from simulation tra-
jectories. For the range of times shown, all of the filaments
exhibited purely diffusive motion, with higher activities lead-
ing to larger growth in the MSD with time. Bottom: The
ratio of the active diffusion coefficient D(α) to the passive dif-
fusion coefficient D0 for a range of activities. The points are
simulation data, and the line is the prediction from Eq. (18).
where tn = rn+1−rn, b0 is the preferred bond length, and
k and κ set the strength of the bond and angle potentials,
respectively. The potential UWCA(r) is a purely repulsive
Weeks-Chandler-Andersen potential [53], defined as
UWCA(r) =
4
[(σ
r
)12
−
(σ
r
)6
+ 14
]
r ≤ 21/6σ,
0 r > 21/6σ.
(29)
The equation of motion for the nth bead of the semiflex-
ible polymer is therefore
γ
∂rn
∂t
= − ∂U
∂rn
+ fa
(
rn+1 − rn−1
2
)
+
√
2γkBTξn(t).
(30)
We choose b0 = kBT = 1, σ = b0,  = kBT , and k = 200,
and we vary κ ∈ [20, 100].
FIG. 3. Configurational properties of active semiflexible fila-
ments. Top: The mean-squared end-to-end length computed
from simulation trajectories as a function of the activity α for
various stiffnesses κ. The results are normalized by those of
the passive (α = 0) case. In general, we observe
〈
L2
〉
de-
caying with α, though this effect is weak over the range of
activities tested. Bottom: Persistence length lp normalized
by κ as a function of activity. This plot more clearly shows
the reduction in lp with increasing activity, indicating a slight
softening of the filament.
We again start by investigating how activity affects the
polymer size, in this case looking at both the normalized
mean-square end-to-end distance
〈
L2
〉
(α, κ)/
〈
L2
〉
(0, κ)
and the persistence length lp (see Fig. 3), which is com-
puted by fitting the tangent-tangent correlation function
Ct(m) =
〈
tˆ(n+m) · tˆ(n)〉 to the exponential e−mb0/lp .
In general, we find that activity reduces the size of the
polymer, but this effect is weak over the range of activ-
ities tested. As such, we see that lp ≈ κ for all α, as is
expected for a passive semiflexible filament. The decrease
in persistence length with activity indicates that activity
leads to a slight “softening” of the filament. This behav-
ior has been studied in-depth in recent work on polymers
with directed active forces [27, 42, 44].
We compute the diffusion coefficient D(α, κ) for semi-
flexible polymers the MSD results, and find linear scal-
6FIG. 4. Dynamics of active semiflexible filaments. Top: Dif-
fusion coefficients D(α, κ) for all simulation parameters as a
function of αlp, the typical net active force exerted on a cor-
related segment of the filament of length lp. All of the data
lie along the line D/D0 ∼ 2αlp (dashed line). Notably, we
see the same linear scaling of the diffusion coefficient with ac-
tivity as with the active Rouse chain (see Fig. 2). Bottom:
Diffusion coefficient measured at low αlp. The dashed line
shows Eq. (27) using the modified activity parameter from
Eq. (26).
ing with the parameter αlp for αlp >∼ 1, as shown in
Fig. 4), with D(α, κ) ≈ 2αlp. To fully test the applica-
bility of Eq. (27), we performed additional simulations
for αlp  1 and found excellent agreement between the
measured and predicted values over more than five orders
of magnitude.
V. SUMMARY AND DISCUSSION
In this paper, we consider a simple model for an active
filament in the form of a Rouse chain with an additional
force acting along the tangent. By explicitly solving the
equation of motion, Eq. (6), we analytically compute cer-
tain configurational and dynamical observables, in par-
ticular the MSD, diffusion coefficient, and the end-to-end
length as a function of the active force strength. We
find that the filament exhibits diffusive motion for times
larger than a rotational relaxation timescale, τR, which
decays rapidly with activity (see Eq. (25)). This dif-
fusive motion is characterized by an activity-dependent
diffusion coefficient that grows linearly with α for α 1.
This is in contrast to studies on passive filaments in an
active bath (see, for example, [35, 37, 40, 43]), which
find the diffusion coefficient to grow with the square of
the active force strength. In general, studies of poly-
mers with configuration-independent active forces can be
well described via an “effective temperature”, whereas
configuration-dependent active forces, as studied here,
cannot be readily described in this manner.
We verify these analytical results by performing molec-
ular dynamics simulations of an active Rouse chain for a
range of active force strengths. As evidenced by Figs. 1
and 2, we observe excellent agreement between theory
and simulation. To test whether the active Rouse model
results can be extended to more realistic polymer mod-
els, we compare our analytical results to simulations of a
semiflexible polymer with excluded volume interactions
and stiff bonds. We find that the persistence length is
weakly dependent on activity over the range of activi-
ties tested (as shown in Fig. 3), with activity leading
to a “softening” of the filament. This result is consis-
tent with other recent numerical studies on active poly-
mers [27, 42, 44].
Additionally, we find that the diffusion coefficient
D(α, κ) grows linearly with a renormalized activity pa-
rameter, α˜ = 2αlp/b0. This can be explained by envi-
sioning the semiflexible filament as a Rouse chain with
n bonds of length b equal to the Kuhn length 2lp, and
directly applying the results of Eq. (18). In principle,
this depends non-linearly on activity since the persistence
length lp is also activity-dependent. However, for small
activities, lp is approximately independent of α, and so
we recover the linear scaling of the diffusion coefficient
with activity.
These analytical results for the effective activity on an
isolated filament can serve as a starting point for under-
standing emergent behaviors of dense systems containing
many active filaments.
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8FIG. 5. Numerical evaluation of Eq. (33) for various values
of the activity parameter α as a function of the number of
terms in the sum, m. The sum converges to 1 for all tested
activities, for sufficiently large m, with more terms required
for larger α values.
APPENDIX
1. Mean Square Displacement and the Diffusion
Coefficient
As discussed in the main text, the MSD can be written
as
MSD =
∑
p,q
φ¯pφ¯q 〈Cp(t) ·Cq(t)〉 .
Using the definition of Cp(t) given in Eq. (11), we have
that
〈Cp(t+ τ) ·Cq(t)〉
= dGpq ×

t p = q = 0
e−λ
2
pτ
1− e−(λ2p+λ2q)t
λ2p + λ2q
otherwise
Thus, for τ = 0, this correlation function approaches a
constant if either p > 0 or q > 0. The only term that
grows without bound is the p = q = 0 term. The other
terms can be collected into the function F (t) as used in
Eq. (17). In particular, we have that
lim
t→∞
〈Cp(t) ·Cq(t)〉
t
= δp,0δq,0
which we use to compute the diffusion coefficient as in
Eq. (18).
2. Mean Square Bond Length with Active Beads
If we imagine a Rouse chain whose beads are the active
components, then we must choose a canonical tangent di-
rection for the bead to exert forces in, which must depend
FIG. 6. Measured relaxation time (blue dots) compared to
that predicted from Eq. (25) (black line). As expected, ac-
tivity reduces the relaxation time; however, we only observe
qualitative agreement between simulation and theory.
on the bond vectors associated to that bead. In particu-
lar, we can parameterize the possible tangent vectors tn
by a parameter ν:
tn(ν) =
ν + 1
2 (rn+1 − rn)−
ν − 1
2 (rn − rn−1).
Consider a Rouse filament consisting of only two beads
(and therefore only one bond vector b = r2 − r1). The
equations of motions for these beads takes the simple
form
γ∂tr1 = kb+
1
2fa(ν + 1)b+ ξ1
γ∂tr2 = −kb− 12fa(ν − 1)b+ ξ2.
Subtracting the latter from the former, we obtain an
equation of motion for the bond vector:
γ∂tb = −2(k/γ)(1 + αν/N)b+ ζ,
where we have introduced α = fN/2k and ζ = ξ2 − ξ1.
This can be readily solved to find
b(t) = b(0)e−t/τ +
∫ t
0
ds e−(t−s)/τζ(s),
where
τ = γ2k(1 + αν/N) .
Squaring and averaging, we find that in the long time
limit
b2 = lim
t→∞
〈
b(t)2
〉
= 2dkBTτ
γ
= b
2
0
1 + αν/N ,
where b20 = dkBT/k is the mean square bond length of
the passive Rouse chain. Thus, we find that activity can
lead to compression (ν < 0) or expansion (ν > 0) of the
bonds. The bond length is unchanged if ν = 0; in fact,
ν = 0 is equivalent to the case where the bonds are the
active agents, as used in the main text.
93. Mean Square End-to-End Distance Computation
We claim that Eq. (21) converges such that Eq. (22)
holds. Here, we give numerical evidence of our claim.
Note that, after evaluating Eq. (15), we can explicitly
write the sum as 〈
L2
〉
/N =
∑
p,q>0
sp,q, (31)
where
sp,q = 16pi4α× p
2q2[(−1)pe−α − 1][(−1)qe−α − 1][(−1)p+qe2α − 1]
(pi2p2 + α2)(pi2q2 + α2)(pi2(p+ q)2 + 4α2)(pi2(p− q)2 + 4α2) . (32)
We define the partial sum Sm(α) as
Sm(α) =
m∑
p=1
m∑
q=1
sp,q (33)
so that 〈
L2
〉
/N = lim
m→∞Sm(α). (34)
In Fig. 5, we plot Sm(α) against m for a few values of
α. In all cases, we see that Sm(α) → 1 as m increases,
though for α > 1 the partial sum can grow rapidly before
decaying, in many cases requiring many millions of terms
before we begin to see convergence.
4. Rotational Relaxation Time
As discussed in the main text, we find that the slowest
relaxation time of an active Rouse chain is
τR =
N2
pi2 + α2 .
However, this relaxation is not necessarily tied to the
dominant term in the sum for 〈L(t+ τ) · L(t)〉.
We measure the rotational relaxation time in the sim-
ulations by computing CL(τ) = 〈L(t+ τ) · L(t)〉 and
finding the time τ∗ at which CL(τ) = 1/e. Assuming
CL(τ) = exp
(−τ/τ effR ), we find that τ∗ = τ effR , where τ effR
is the effective rotational relaxation time as measured
from simulations. Comparisons of τR and τ effR are shown
in Fig. 6.
